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Fundamental study on yaw resonance mode
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Abstract

This paper starts with describing a method of deriving the resonance mode of a pendulum utilizing its equation of motion.
This resonance mode is that the equilibrium position of the pendulum locates the vertical plane including its fixed point and
the mass accelerates in proportion to the distance from the equilibrium position to its mass. Further, the equation of motion of
vehicles was converted to a form conforming to the equation of motion of the pendulum. As a result, it was found that the
equilibrium position of yaw resonance is the extension line of the vehicle speed vector at the front wheel position. Moreover,
it turned out that its rear wheel accelerates toward this extension line in proportion to the distance from this extension line to
the rear wheel is the yaw resonance mode under a special condition. Finally, the step steering response was considered. At the
moment of steering input, the mode of the yaw lead time constant appears, and then the yaw resonance mode becomes
apparent. Hence, the yaw resonance is revealed in the latter half of the transient response. Therefore, it is considered that the
yaw natural frequency is suitable as a metric of the latter half behavior of the transient response.
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(A) Model (B) Concept of resonance Fig. 2 A block diagram of the pendulum; the
Fig.1 A pendulum two integrals are located in series.
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Fig. 3 A standard vehicle model; planar Fig. 4 Block diagram of a standard vehicle model; after ¢ is
2.D.0O.F motion are represented by r input, r and S occur at the same time.
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Fig. 5 Causal model; the body is expressed by two particles on the Fig. 6 Block diagram of causal model described with S
front and rear wheels. Planar 2 D.O.F motion is and g, the two integrals are located in series.
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Fig. 7 Block diagram of the causal model under assumptions of eq.(17),(35) and (37).
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20

Position X m

Fig. 8 Trajectories of wheels under the yaw natural frequency (C=100, C, =200[m/s?], I=2.5[m], V=(IC,)"*=22.4[m/s],
©,=8.94[rad/s](1.42[Hz]), I/ld,m=1)
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The position of equilibrium
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(A)Concept (B) Physical meaning

Fig. 9 Mode of yaw resonance ; the deviation from the position of equilibrium g =0 means the distance from the extended line of V;
to the rear wheel system.
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i) %I EEmAEYD ZEeBg) &2V TRl (OHHANY hL) ICEmSBIEL LD T 5818 Thb.
728, X 9B)FD(A),B)(CIUZKHIET 5K 8 FOHEFOMEILZNZEIL ABC THS.

4.5 REREIBEERY FILAORBROERBRR

(ATl (OB~ FV) (ITHREmNEEL KO & T 2588 2T 2720, REiTILI=0 & LT, I
VMEZE 5 2 72858 0OEE 2 E534 5. Z0%HE =0 L3522k, REBNBLX 7 HALL LAWY, B
NEUT, wEITE#EIC/RD. AEIE, EEICO 28RBS RSO IER 5.

AT Tk ~72 X9 1w Ve DIERAMZ 23> TIRT 5. VelL, 1 FRE AR CIXRiER OB OBER 720
D, BIEEROPBINC L >TH V& V, EORREEZLRTE S, £ 2T, AiZROEIIZX 10 1277, X110 1%, Hi
FICEE ST EAEAE R O-X-Y O X i b A1 T3 2 BEE OB ERONEDS X=0 D & X2, p 7213 p (W%
527220 CTHB.

2 - 2
Front wheel’s trajectory Front wheel’s trajectory
_ Rear wheel’s trajectory Rear wheel’s trajectory
E E
> | L
5 1 >S' 1
E E /
0 5 10 15 20 25 0 5 10 15 20 25
L Position X [m] - Position X [m]
(A)Initial conditions are g; =0.1 and 5,=0 [rad] (B) Initial conditions are ;=0 and .= - 0.1[rad]

Fig. 10 Trajectories under free oscillations; the rear wheel system follows the trajectory of the front wheel (C;=100, C,
=200[m/s’], 1=2.5[m], V=(IC,)"*=22.4[m/s], I,/l:],m=1, 6=0).

[ 10(ANC 31T BB IE =0.1, B =0[rad]Td 5. ZOWHIZME, #iE X izt LC 0.1[rad] DHERK 4 T
WA, HimE Xl EAaEie s & AEWT S, milmiE, &G, VIS OEKA ZITITHERF T DICR LT, Hin
1T X Sho FcEA T, AERIL, SEEICHTEN S IR CEWNC/e 5. Znas, TRl (0@~ Y ~L)
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WCHERBIE L KD LT AHI8) ORBETHDL EBDND. ZOGE, PIHIREEN O R&IREEE TORIT, il

@@%zm;w%%%®@%£m®iow,m%%#wﬁ%ﬁif%501mmtfk%w.Lt#of,h@ﬁ
(DHFERZ ML) ICEESBIEL LD 35815 L1, RilsOBr L 0 L R&EOBBFOMER (LR K E WL
REEZDHELTES.

X 10(B)\Z 331 2 WIHAMEIE g =0, B=-01[rad] CH 5. Z DOHIAGIEIL, widwmid X 6l -2 dE L, %ﬁix% Wzt
LC- 0.1[rad] DR A Tl Z L A BT 5. WIS A B2 5 L, milmd Bim b AAhER L, SRR
— DN 2D, Ko T, WIHASRIOMER A DT ,mﬁib%%%®i5ﬁﬂw@ﬁwﬁmmﬁk%w L
TeRoT, ZibE THilE (DHEHEY b)) ICEwRNEEL LD L3288 ORETHDH LEDILD.

5. EMESHE—FE FSM/\DBRRELDEROER

n% TIRRZ LI TORTA RPN ARE KO X FAEEL, @FIOIZHINT DIGEHREDRE % nf
12T 5] ZERERLOBHITHS. 22T, ZOETITOLE@IZONWTELET S.

5.1 EBBESEICHSTZE— FOREIEF
*@%T , [ORTZANDBIRARLEEMEOENXJ7] & LT, it E 3 a9 —EAIFERE— RBAEL, Z0%
A%%wbbébé_k%,17/7Aﬁ%m_+«é.
ﬁ@#%@%ﬁx?yfkﬁﬁ®ﬁ%@m%%m1u; %%%@ﬁ%%mlmmm%h%hﬁﬁ.mlmwm
IREND KD, #BE%, AimIX7- 7S BICHERIT AR LT, R m oM, 1ZIFE#ETSH. ZoLExo0R
i OiEE 2, X il A B Ut T 24848 0 i B & llam@io_&%%¢u WZalisd 5 &k 9 h
2 5. ZO%EE DY OEELEE) ) I —EARFEROE— FTHD LI TnD (B, 2013).

T, a—EHRFERICOWT, I—AEE r biisniT ey 7K TH DI 13 AV CGERS (1K 13
1FQ22)~28) b E N D). KQRIYMND, 01Tk D r OIEEREL /6 13 1 kiR 2 BN RTH LM, “h
i, RBIZEWTr BE 2O ORNCH D Z LITkET 5. —JF, BIEHE 2O O%IZH LD T, SITKLTS
DARTERIEC B 10 13 0 it 2 IRENRICTR . Ko T, riCkd % p DARERRL B, Ir 13 1 TENRICR D, 2
DORFERIIE 2OETOT 1 v 7 ThDH CIN OWEIZ L > TEENDLDT, VIC NI —HRFEER TR
(ZOFERITREI) E 8T 2). LEB->TTIAL, r BNECTOL ANELDETORMZEORLZEEZ D L
NTED.

0.12 S
0.08
0.04
T 4
2 ORS QLZTJ‘;%'GZ 0.6 0.8
c - .
S 004 p, time[s]
-0.08
Fig.11 Time history of indicial response (C=100, C, Fig.13 Block diagram within r. In this figure, a reciprocal
=200[m/s°], 1=3[m], V=(IC,)=24.5[m/s], I/l{;m=1, number of C,/V below the second integrator means
6=0). This figure implies r=-8, and 4,=0 around yaw lead time constant T,.

t=0. This motion is shown in fig.12.
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0.5 M\'\ -
Ny
0.4 Trajectory of front wheel « bt
E N ontwineel
[t} y ront whee "
>~ 03 n/@ front wheel
o Q-
S
§ 0.2 Body rear wheel "
0 \ = 1 #/I’ X
1 ~ Trajectory of rear wheel \— ;
5
,,,,,,,,,,,,,,, Rear wheel b
0 2 4 6 8 10 12
Position X [m]
(A) Trajectory of rear wheel under indicial response (B) Planar motion mode around t=0

Fig. 12 Mode of lead time constant of yaw angular velocity: Motion mode immediately after steering from straight ahead is shown
in this figure (Sakai, 2013). (C=100, C, =200[m/s’], 1=3[m], V=(IC,)=24.5[m/s], I,/l];m=1, 5=0.1[rad]).

WIC, F—MERIFEROT— RICOWTERS, EPIMIRLEE LCEEDN DR T » FHEEEL, £ =5
=r=,=6,=0 L5 5. ZORENDLAT v FEIETH L, 13005, EFRNELD. ZO%, FBFSSNG
ClICEoTHE T, ABRAMCELD. XHICEO®R, ABHISINDE I LICESTRMELS. 20, ik
CTCOBANELDECTORMZEDHLZNT, Thb. Z ZTldrNECTE T [s)NER E LT, r#00>2 =0
LRI R DA TRET D, ZOBBETIERO)ND, 2F=0 THDH. LR ->TRRDDD a=0 127250 T [t
WEEET D). —F, B0 DEERIB3NE =425 (R11Th, =0MBET=-5Thsd I & PRRTE
%) OT [HEIEERT 5. Ko T, r A U7%, B T [s)PAWNIE NEHEST 2% 8w E D 0 ICH I XEHET 5 ).
IR S —ELREERE— R CTh D LI T D (B, 2013). ZAVEAGR ST CIIEAERMEINE O 1 B
& BT,

LR — RVE U O BEBIC SV TELT 5. 13000, ref X fICERLTELS. L
TR oTC, I—BET—RPNELDEE, FHLELTCND (ZDOZ LIFX 1L THHERTE D, £72, K12A)F
D t=0.1[s] T, AImOIHE & B FORE ORI AE {BELTHDLZENLBIERTE D). LEEN->T, ¥
IB)H D(B)D X 5 (TR I L2 > 72D BVDNLEE, I —ELREERT— N ERRFIZHEAET D gl L
ST, FARC)D LT, %l bEEN TV . DD BVDOMENEIRNSHND Z L1k - T, %z
DAVNIEICREE D 953 —3EE— R snd. Lo ¢, TEET2%mE b oW oR#x) % 1k
LD ETLONRI—HRE— N ThHD. MoORBLITIE, HEftER, X12 (A) [TRENDH X1, #fee
[ BRI BERI9 2 D1 LTl % 2 S0 Ko THBRENAE L 5203, K10ANTREND K91,
OB EE RSN L X D Lo a—HEE— R TLH D, 203 —HRE— RO ERAGEEISE OF 2
BETHD.

UEbDX oIz, et 5, H1EBEE LTI —#LRERT— FIZ K> TERERS O 0 AVOALED S HEN,
ZORER, FH2EME LT, ®%iid OV EVDNMEIZEZ S L3253 —HRE— RAREIND. Zh3E—R
DIANEFF T 5.

5:2 I—HIRTE—FE FSA/\DOEREREEDOHIE
BT CTELR LT, (O R TAN\DBIRAREEEMOENX 5| #5217 T, REITIE TQFNHITHRIET BISBHEED
RE | ITONTELET S,

5-2-1 YroiEfiti
ARIETIE, TEERME], TV voziEtt), TV voisfett) (5, 2008) @ 3FKIH L 3 —HRHAL L ORRE %
T 5.

B
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BRI OBGUZ OV T OMBAEEE DT A b KT A IS EHBZ T BRI, TEEEME ] &0, #Be
EHOFERC 7 — ROME OEEORES LD L Thotz, THEEME) 1%, FIANZFHE LZHETH -
To. F1z TV YoRENE) LIXREEER, B hERlZZR G T R LD L Thotz. [V YDOLREN]
X RTANZE > TEERENERY, T HXATYNRLoMVEEAEDS] VXY XA YO EICHS T > THEV ) —
AEPRVREILTCWDIELE ) (BER, 2017), VY X A Y332 (=0, 2017), [7vy R3dhR0iso 5 &
VY ECTHRICHA 4D T (7 ay OBV I & VYOV IRDIZ) Z A LT 713780 (BT, 2014)
VYR T Vo 7T5] 1VYDa—F ) o T 7 3—ARNT WL ENRD] T PIZAIMENH D) TR
Nt 5] (S, 2015h) LRIFEETHD EEDbND. TV YOiBHEE &1F, LY EfE TRiERoO8) & 1264
HRmOBHENE] THY, [V YOLENE] OROBRTH-T-. ZOKRILI —ERREFER T, N/ ISWIEER
I CTHhnH LI TWD (FFHE, 2015b). T Y OIBHRENME] 1%, FIANCIRTH@E L-HETH -7,

AR OOE X 16T A %EROBHE] L1, K 12(ANC BV THIEZIR OB E) A U=, X 10 [T OB TR
N7 X9, BIEROBE [HERINEVNT 5 ) BGICkhsT 2 LB b, ZoBS%Ta —IHERS RIS
L5, [V YO 233 —HRERSICaxnT 5 L b, Lien->C, 3 —FEAESR) 3 —REE=EL
DREWVIEE, VYoBEEE2 LD KE<ERELND EEDbNS.

Plboz end, 3RBAEZRSRIIAICIERS &, Hdt— TREEME) — [T) YOREE) — T YOBierE (=
I—IRBIG) L72b. Lo T, I —EAREES I — R B ST 2 Bl8HE 3 RBLOHF CTliik b iE
WEEDBISTH D LB s.

5:2-2 IA—H#IFE—FEROEREANE

FEfaA L 7OV AR BE R LIRS T7 ey RE2EIC L CTIRY F0 X 212U Y23 8i< | BGRmg S pin
H5 (R, RE, 2017). [7oy F2ENC L TIRY F0 X 912 Y23 8< | 13 9B)F D (A)~(C)IZk it 5
DT, I—HFEEF—FEERPEENRINDGZ LD L IZBbND. Lo T, BV 70 L9 2EROFE
W OE S0 I —EARBEOR SIS L, R LODRERY YOBIX I &8 T —EEEho k& SISt
THLO LS.

5-2-3 IEBA

Pk, RIANOEAWSHZE L SESSE L OBURIC OV T2, HEME S T0ARno T, Fioxt
ISR E END AREMN H D, 72770, TR bORGERE, ShiE To#E] & LTRI A2 A
VA a—H LR, EFE] M0 IRTZ LIk T, L0 ElAHLMRICEETX L EEbNS.

6. # &

Kislx, O R A SOFAT D EFEEEINEOBSE = V=T N X0 BERICER L, @FUcxhsd 5
IR AR TE A LT AT —HRICHOWTER L. FOFERERIIRDO LB THS.

1) RO EVONEL, BIRALEO BT MLVOEER EICH Y, Z ORI D> THRERINES
LHSRN I —HIRHRTHD.

2) it 5 L, RN I —ERFEHO T — RIC & > TEERD DD SWALESEEN, ZHUCER LTz
DY BVNBEICRE 9 £ 45 3 —HET— R Sh, EFREBICED. Lo T, IEFRENH
LT 2 01%, I —lEARREH— I —EFRIECBELDIETHS. 20X 51, Btk ORI
K DIERE DI N A[REIC e o 7= & b s,

3) I—HERBICKNST D EREIL [V Yottt < (e v b2 LTV YMEY 70 X 9 12H< )
ThodLEbihs., ZNooxMGREREZ, ShiX THHIE & L TRIARNESFE LN, EIE] &
MOIETZ LIk oT, FIANRORKUZESR 2T DT REIY) EfEICEMTE D b,

P EORER, #HEICBWTEEMER Lz TBEMEREN Lo 7= O B@EEISERBEOH 5 & 7Tak A O

—EHNIATRRRIC R o T b D L s, 72721, AWFRITREDHEC T —BIEE— A > M AARE L7 i 2
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HHEESICOWTOLDOTHD. EHIZ, RIANTa =Ly FnE bERERE 2155 Z LR ST
W5 GBEFH, LA, 2012). Lo TARFRIOFERFTREIZRST-DIE, HHREX T A0 Th-> T, &5
Tz &bt LTiL.

R A RO L0 G o T2 BREICE DOBRICAGR IV L THEBCE TSN TH D.
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AT, KEB8), BHTLD AT v—LDMENE I —FAREH THD Z L2l T 5.

KQ)OEAEEED 2 FiZ g/l THY ()i, 1986), Ziuk, AFEBRWIADOREIIIHET 5. Lz
> TRA)DAHADAF RN TARK TS 5 (VI 3 —[EA RSO Ch 5. 2 2T, ZhEiRT 5. (V)
CX@R) AT S L,

I 12 I

(ij =( ic.f _C (A1)
Lis. —F, REICRES)EAAT S L
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L%, ko TR(ALER(A2) & DG, H(35)D VBN T

(ij 02 (A3)
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EOFRRINE w0, T D 2 EDPHERTE 5.
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W7 DR RN TH L. ZoOREHEHT D L

. +m o (A6)

LA, ZORICIE, WEETHD SSOEPFELZRVDD, M7 0710y 7 BRITEEES E%T 5. 20

XD S DIENEAIEEELD 2 IS T D0 T, ZORHEIEBOBEARBEIL VI [radls] TH Y, VI &%, 2(A3)
RENDEIC 0y, THD. LED-THTDOT 1y 7KL I —EERBRIC LD AT 0 —L052EW 5.
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L%, ZITIREND MENMEND, VaAREEA S 77— LTI, Eosix
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EETDH. INoOBREM S &K (39)i%
V;:_(ij 5, (A9)
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